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ABSTRACT
Due to fortuitous circumstances, the two giant planets around Kepler-419 have well characterized
3-D orbits. They are nearly coplanar to each other; the inner one has a large eccentricity (≃ 0.82);
and the apses of the two orbits librate around anti-alignment. Such a state defies available proposals
for large eccentricities. We argue that it is instead uniquely produced by a decaying protoplanetary
disk. When the disk was massive, its precessional effect on the planets forced the two apses to center
around an anti-aligned state. And as the disk is gradually eroded, the pair of planets are adiabatically
transported to a new state where most of the eccentricity (or rather, the angular momentum deficit)
is transferred to the inner planet, and the two apses are largely anti-aligned. During this transport,
any initial mutual inclination may be reduced or enhanced; either may be compatible with the current
constraints. So a primordial disk can drive up planet eccentricities both in resonant planet pairs (as
has been shown for GJ 876) and in secularly interacting, non-resonant pairs. The mechanism discussed
here may be relevant for forming hot Jupiters and for explaining the observed eccentricities of warm
and cold giant planets.
1. INTRODUCTION
Orbital architectures of extra-solar planets give valu-
able information about their formation. Here, we focus
on the system of Kepler-419. This system is remarkable
in a number of ways.
First, one of the two giant planets (planet b) was dis-
covered during transit, while its companion (planets c)
was discovered through transit-timing variations (Daw-
son et al. 2012; Ford et al. 2012). Both planets have
been confirmed by radial velocity measurements and by
modeling this data along with the Kepler photometry
have yielded three-dimensional configuration of the sys-
tem (Dawson et al. 2014). Recent follow-up radial obser-
vations by (Almenara et al. 2018) have refined the orbital
elements of the planets (summarized in Table 1). Only
perhaps one or two other systems have been so thor-
oughly characterized (Kepler-108 is a recent example,
Mills & Fabrycky 2017). Second, the observed config-
uration is remarkable. The two giant planets are nearly
coplanar (mutual inclination im . 10
◦). They have a
large semi-major axis ratio (ac/ab ≃ 4.5, or period ra-
tio Pc/Pb ≃ 9.7), so their gravitational perturbations
on each other are largely secular in nature. The inner-
most planet has a high eccentricity (eb ≃ 0.82), while
the outer one is mildly eccentric. Currently the apses
appear nearly anti-aligned (̟b−̟c ∼ 180◦) and secular
integrations indicate that the apses librate around anti-
alignment with a small amplitude (Dawson et al. 2014;
Almenara et al. 2018). The relative longitudes of the
ascending nodes is reported to librate around alignment
(Ωb −Ωc ∼ 0) Almenara et al. (2018), but this is merely
the result of projection and not a true dynamical effect.
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The apse anti-alignment means the system lies near one
of the two secular fixed points (the other being aligned),
with most of the angular momentum deficit (AMD) in
the system retained in the inner planet. Such a configu-
ration begs the question of its origin.
The fortuitous viewing geometry of Kepler-419 affords
us a rare glimpse of its 3-D geometry, but such a system
may not be uncommon.
1.1. Failed explanations for Kepler-419 and this work
Here, we discuss and reject a number of explanations
for such a system, before introducing our proposed sce-
nario.
The high eccentricity of planet b is evocative of the so-
called Lidov-Kozai mechanism (Kozai 1962; Lidov 1962).
However, this requires the presence of a companion on a
significantly inclined orbit, opposite to what is observed
for planet c.
Planet-planet scattering from an initially more popu-
lous system is a possibility. However, there are several
properties of the system that disfavor this scenario. In
descending order of strength at constraining the scatter-
ing scenario:
1. The libration around a high-eccentricity and anti-
aligned fixed point is an unlikely outcome of scat-
tering. Although scattering can produce a sig-
nificant fraction of systems with librating apsidal
configurations, the large majority does so around
alignment (Barnes & Greenberg 2006, 2007). In or-
der to quantify the distance of two-planet systems
to the libration/circulation boundary after scatter-
ing, Timpe et al. (2013) introduced the following
quantity
ǫ =
2min
√
x2 + y2
(xmax − xmin) + (ymax − ymin) , (1)
where x = ebec sin(̟b−̟c) and y = ebec cos(̟b−
̟c). The maximum and minimum are computed
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after several secular cycles, and Timpe et al. (2013)
finds ǫ < 2 for > 95% of their scattering experi-
ments (figure 2 therein). In stark contrast, Kepler-
419 is far from the libration/circulation boundary
boundary and has ǫ ∼ 3.
2. The near coplanarity of the planets is an unlikely
outcome from scattering exciting such large eccen-
tricities (Juric´ & Tremaine 2008; Chatterjee et al.
2008). In particular, Simbulan et al. (2017) finds
that mutual inclinations follow a Rayleigh distri-
bution with median ≃ 30◦.
3. There is a tendency for planet-planet scattering to
lead to equipartition of AMD as well as mass seg-
regation (more massive planet inside, e.g., Chat-
terjee et al. 2008; Juric´ & Tremaine 2008), while
Kepler-419 is far from AMD equipartition (the in-
ner planet’s AMD is ≃ 4.4 larger than that of the
outer planet) and the outer planet is nearly three
times more massive.
The proximity of the planet pair to a secular fixed point
suggests a dissipative or an adiabatic process in the
past (e.g., Malhotra 2002). If the inner planet experi-
ences damping (e.g., through tidal interaction with the
star), past studies (Wu & Goldreich 2002; Zhang et al.
2013) have shown that the anti-aligned mode (in the con-
text of the classical Lagrange-Laplace secular theory),
in which the inner planet is typically more eccentric,
is damped more rapidly than the aligned mode when
mba
1/2
b < mca
1/2
c , driving the system towards the fixed
point of apse alignment. Almenara et al. (2018) designed
an initial state with the pair starting near its current
state (eb ≃ 0.9) but with a larger libration amplitude
around the anti-alignment fixed point. They show that
dissipation on the inner planet may reduce this libration
amplitude to the observed value, while avoiding to damp
the inner eccentricity so dramatically that the planet is
dragged in to become a hot Jupiter. However, such an
initial state is so close to the current one, it begs the
question of how itself could have arisen naturally.
This leaves adiabatic transport as the remaining can-
didate. This refers to the case where the system is adia-
batically transported to the current state from a generic
initial state, due to a gradual change in the environment.
Here, we propose that a particular environmental change,
a slowly decaying proto-planetary disk, can neatly and
naturally lead to the current configuration.
Such a proposal does not require an overly imagina-
tive set-up. exoplanets are formed in disks and these
disks have by now long vanished. But the dynamical
impacts of the disk are likely permanently imprinted in
the planetary orbits (e.g. Goldreich & Tremaine 1980;
Kley & Nelson 2012). Well-known examples include the
GJ 876 planet pair that is possibly pushed into mean-
motion resonances by the now extinct disk (Lin & Pa-
paloizou 1986; Lee & Peale 2002). Here, we focus on one
specific dynamical effect, secular precession of the planet
orbit driven by a massive disk. We are able to show that,
as the precession wanes away, a planet pair will be se-
curely transported to an anti-aligned state with most of
the AMD transferred to the inner planet.
Later on, we further argue that this may have impli-
cations in a much broader context.
TABLE 1
Parameters of Kepler-419 planets
planet b planet c
mass m [MJ ] 2.77± 0.19 7.65± 0.27
semi-major axis a [AU] 0.3745 ± 0.0046 1.697± 0.02
eccentricity e 0.817 ± 0.016 0.1793± 0.0017
inclination i [deg] 87.04 ± 0.72 87± 2
arg. of pericenter ω [deg] 94 ± 2.2 275.7± 1.8
long. asc. node Ω [deg] 180 (fixed) 185.4± 7.6
These values correspond to the median and 68.3% confidence
interval (Table 2 of Almenara et al. (2018)). The mass of the host
star is Ms = 1.438 ± 0.053M⊙. The 68.3% confidence interval of
the mutual inclination between planets b and c is
im = [1.2◦, 7.58◦], based on secularly evolved posteriors
distributions.
1.2. ‘Secular Resonance Sweeping’
Similar dynamics as the one we are invoking has been
investigated in different contexts. In particular, the term
‘secular resonance sweeping’ has often been used to de-
scribe this process, bringing with it a certain amount of
confusion. Secular resonance refers to the case where the
secular frequencies (or their linear combinations) in a sys-
tem are commensurate with each other (see, e.g. Laskar
2008; Lithwick & Wu 2011; Batygin et al. 2015). In our
solar system, some orbits are precessed by the planets
at rates that are comparable to the planets’ own pre-
cession rates. Here, a test particle’s eccentricity can be
strongly excited and the associated secular angle librates
around 0 or 180◦. In the early Solar system, a decaying
disk could have altered the secular frequencies in a time-
dependent way, causing locations of secular resonances to
sweep across the system, possibly exciting eccentricities
and inclinations of asteroids and Mars (Ward 1981; Hep-
penheimer 1980). Equivalently, the wanning quadrupole
moment of the Sun as it spins down can affect objects in
the very inner region (Ward et al. 1976).
Such an idea has found applications in the exoplane-
tary field, e.g., eccentricity variations and apsidal lock-
ing of radial velocity exoplanets (Nagasawa et a. 2003;
Moeckel et al. 2008), eccentricity excitation of debris
disks (or small planets) perturbed by outer planets in
a dispersing nebula (Bromley & Kenyon 2017; Zheng
et al. 2017) or a migrating planet (Minton & Malho-
tra 2009, 2011); eccentricity and inclination excitation
of two-planet systems induced by a decaying host star’s
quadrupole moment (Batygin et al. 2016; Spalding &
Batygin 2017; Spalding et al. 2018); inclination excita-
tion of planets in binaries with disks (Lubow & Mar-
tin 2016; Martin et al. 2016; Matsakos & Ko¨nigl 2017;
Zanazzi & Lai 2018).
The dynamics we invoke here is subtly different from
most of these examples. The easiest way to visualize our
mechanism is to think in the frame-work of the so-called
‘Laplace-Lagrange’ theory (e.g. Murray & Dermott 1999)
where the secular perturbations are analyzed to the lin-
ear order in the eccentricity. Interactions between a pair
of planets give rise to two fixed points, one with aligned
apses, the other anti-aligned. When the precession in-
duced by the disk greatly overcomes that of the planet-
planet interactions, only one mode survives: generally4
4 This statement holds (at least) when the circular angular mo-
mentum of the inner planet is smaller than of the outer (like in
Kepler-419) and the disk leads to an effective retrograde preces-
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the anti-aligned mode. Systems close to this point will re-
main close to this fixed point, as environments are slowly
modified. This is more aptly called ‘adiabatic transport’,
as opposed to ‘resonance capture’, as there is no need for
the presence of a separatrix. Essential features of this
dynamics are retained in the nonlinear order (Batygin et
al. 2016), and even when inclinations are considered, as
we show here.
Many of the features of the adiabatic transport driven
by a decaying disk have been previously discussed in the
context of exoplanets by Nagasawa et a. (2003). How-
ever, these authors focused on other systems (e.g., υ An-
dromedae), for which the imprint of this mechanism re-
mains ambiguous (Deitrick et al. 2015).
2. MODEL
We describe a simple model to understand how a two-
planet system like Kepler-419 evolves secularly during
the gas disk dispersal phase.
We make two key assumptions about the initial states
of the system:
• there was a massive disk outside the planetary or-
bits. It gradually decays away with time. We only
consider the precessional effect of such a disk on
the planets, and ignore issues like migration, ec-
centricity and inclination damping.
• there was a moderate amount of AMD and it was
mostly concentrated in the outer planet.
We discuss the needs for and the validities of these as-
sumptions in §6.
In our notation, the inner planet b has a mass mb,
orbital period Pb, semi-major axis ab, eccentricity eb,
argument of pericenter ωb, longitude of the ascending
node Ωb, and longitude of pericenter ̟b = ωb+Ωb. The
same for the outer planet c. The currently measured
values for Kepler-419 from Almenara et al. (2018) are
shown in Table 1.
Besides from the above orbital elements, we shall also
use the vectorial orbital elements, where the eccentricity
vectors are eb and ec, and the dimensionless orbital an-
gular momentum vectors are defined as jb = (1−e2b)1/2 jˆb
and jc = (1 − e2c)1/2ˆjc, with hats indicating unit vectors
(see, e.g, Tremaine et al. 2009).
In the following, we introduce the relevant secular in-
teractions, between planet-planet, and planet-disk. For
the vectorial elements the interaction energy will be de-
noted as potential φ and for the standard orbital elements
as a Hamiltonian H .
2.1. Secular planet-planet interactions
Given the large ratio of semi-major axis (ac/ab ≃ 4.5),
we expand the interaction energy using α = ab/ac as a
small parameter. This is exact to all eccentricities and
inclinations. The doubly time-averaged interaction po-
tential up to octupole order (α3) can be written in dimen-
sion ( ˙̟ b − ˙̟ c < 0).
sionless form as (e.g., Liu et al. 2015; Petrovich 2015):
φplanet= − φ0
(1− e2c)3/2
[
1
2
(
jb · jˆc
)2
+
(
e2b − 16
)− 52(eb · jˆc)2]
− 25abφ0
16ac (1− e2c)5/2
{(
eb · ec
)[(
1
5 − 85e2b
)− (jb · jˆc)2
+ 7
(
eb · jˆc
)2]− 2(jb · jˆc)(eb · jˆc)(jb · eˆc)}, (2)
where
φ0=
3Gmbmca
2
b
4a3c
, (3)
represents the magnitude of quadrupole interactions.
Scaling this term by the monopole stellar potential, we
obtain the characteristic secular timescale for the inner
planet as (also referred to as the Lidov-Kozai timescale,
e.g., Naoz 2016):
τsec,b ≡ mb
√
GMsab
φ0
=
2Pb
3π
Ms
mc
a3c
a3b
≃ 710 yr, (4)
while for the outer planet it becomes
τsec,c ≡ mc
√
GMsac
φ0
= τsec,b
mca
1/2
c
mba
1/2
b
≃ 4.2× 103 yr.(5)
We explored the effect of higher-order terms (hexade-
cupole, up to α4) and found these to be unimportant, as
is expected.
2.2. Secular perturbations from a massive disk
We consider precessional effect by a flat disk. We in-
troduce an axisymmetric disk with a truncated density
profile
Σ(R) = Σ0
(
R
Rin
)−γ
for Rin < R < Rout, (6)
and Σ(R) = 0 elsewhere. The disk has a mass
Mdisk = 2πΣ0R
2
in
[
(Rout/Rin)
2−γ − 1
2− γ
]
. (7)
In the Appendix we have derived the potential from
this density profile averaged over the orbit of an interior
planet p = {b, c}, ap < Rin, for any value of γ and
Rout/Rin (Equation A7). For γ = 1.5 and Rout/Rin ≫ 1,
this potential reads
φdisk=−
3GmpMdiska
2
p
20R3in
(
Rin
Rout
)1/2
B × [e2p + jp · nˆd] ,(8)
where B = B (γ = 1.5, Rout/Rin, ap/Rin) is a factor of
order unity to correct for the contribution from regions
of disk that are close to the planet (Eq. A8). In Figure 7
we observe that B depends weakly on the density profile
slope γ and the radial extent Rout/Rin, while it increases
as the planet approaches the inner edge of the cavity,
ap/Rin → 1. If Rin = 1.5ap, we have B ≃ 2, while for
Rin = 2ap we have B ≃ 1.4.
The corresponding precession rate in units of mean mo-
tion, np = (GMs/a
3
p)
1/2, is simply given by the ratio of
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Fig. 1.— Fixed points of the Hamiltonian in Equation (13) for
different values of the parameter ηc ∝Mdisk (Eq. [15]). The total
angular momentum is set to be the current day value (Eq. [18]).
Top and bottom panels show the branches with |̟b −̟c| = 180◦
and ̟b−̟c = 0◦, respectively. In our model, as ηc is adiabatically
decreased from the right to the left, following the upper fixed point
will lead to eccentricity (or rather AMD) being transferred from
the outer to the inner planet. The reverse occurs if one follows the
fixed points in the lower panel. Note the two panels have different
horizontal scales. No aligned fixed point exists for ηc ≥ 8.5.
the disk potential and the stellar monopole resulting in
the following precession timescale:
τdisk,p =
10
3πB
Ms
Mdisk
R3in
a3p
(
Rout
Rin
)1/2
Pp. (9)
As a reference, for planet c with Rin ∼ 1.5ac and
Rout/Rin = 10, the precession timescale becomes
τdisk,c ≃ 105 yr
(
0.1Ms
Mdisk
)
. (10)
From Hamilton’s equations the angles relevant for sub-
sequent analysis vary as
d̟p
dt
=
2(1− e2p)1/2 − 1
τdisk,p
=
1
τdisk,p
[
1 +O(e2p)
]
, (11)
dΩp
dt
=− 1
τdisk,p
. (12)
In the following, we apply these elements to study the
secular evolution under three cases: first two simplified
cases, coplanar but eccentric, circular but non-coplanar,
and lastly, the realistic situation of eccentric and non-
coplanar orbits. The simplified cases are useful to un-
derstand the full case.
3. COPLANAR CASE: ANTI-ALIGNMENT AND
ECCENTRICITY TRANSFER
In this section we assume that all three orbital planes
(for the two planets and the disk) coincide.
In this case, eb · ec = ebec cos(̟b −̟c) and eb · jc =
0, and the full Hamiltonian (Eqs. [2] and [8]), can be
reduced to
H˜cop = −ηb
[
e2b + (1− e2b)1/2
] − ηc[e2c + (1 − e2c)1/2]
− (e
2
b/2 + 1/3)
(1− e2c)3/2
+
5ab
16ac
4 + 3e2b
(1 − e2c)5/2
ebec cos (̟b −̟c) ,
(13)
where we have divided both sides by the constant φ0
(Eq. 3). The dimensionless factors η measure the rela-
tive importance of the secular effect from the disk, com-
pared to that from the other planet. For γ = 1.5 and
Rout/Rin ≫ 1, we have
ηb=
B
5
Mdisk
mc
(
ac
Rin
)3(
Rin
Rout
)1/2
, (14)
ηc=
B
5
Mdisk
mb
(
ac
Rin
)3(
ac
ab
)2(
Rin
Rout
)1/2
. (15)
For Kepler-419, we have
ηc
ηb
=
mca
2
c
mba2b
≃ 57 . (16)
So one could ignore the precession of the inner planet
due to disk (ηb) without losing any significant dynamical
effect. In the following, we only specify the value of ηc,
although we still retain the small contribution from ηb.
For reference, setting Rout/Rin = 10, γ = 1.5,
Rin/ac = 1.5, we find that the disk is important (for
planet c) when it is comparable in mass to the planets,
ηc ≃ 0.76× Mdisk
mb
≃ 2.1× Mdisk
mc
. (17)
The above coefficient decreases from 2.1 to ≃ 0.62 if we
moves the inner edge of the disk further to Rin/ac = 2.
As the external disk is axisymmetric, it does not ex-
change angular momentum with the planets and the
pair’s total orbital angular momentum is conserved. This
can also be observed from the form of the Hamiltonian,
where only the angle combination ̟b − ̟c appears5.
Thus, we further specify that the total angular momen-
tum is the same as current day value,
J = (1− e2b)1/2β + (1− e2c)1/2 ≃ 1.082 , (18)
where
β =
mba
1/2
b
mca
1/2
c
≃ 1
6
(19)
is the ratio between the angular momenta for circular
orbits of the planet b and c.
5 One can adopt the following set of canoni-
cal variables for our analysis (Michtchenko & Mal-
hotra 2004):
[
mb
√
ab(1−
√
1− e2b), ̟c −̟b
]
and
[
mb
√
ab(1 −
√
1− e2b) +mc
√
ac(1 −
√
1− e2c),−̟c
]
with the
canonical momentum in the form of AMD (deficit relative to cir-
cular orbit). In this form, it is clear that the Hamiltonian contains
only one degree of freedom (the first pair) and is integrable.
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Fig. 2.— Contours of constant Hamiltonian (Equation 13) in the plane of the (pseudo) coordinate-momentum pair eb[cos(̟b −
̟c), sin(̟b − ̟c)] and for different importance of the disk, represented by the different values of ηc ∝ Mdisk (Eq. [15]). The orbital
angular momentum is chosen to match the current value for Kepler-419 (Eq. [18]). Fixed points from Equation (20) are shown as filled
red circles. The color indicates energy with bluer corresponding to lower values. At large disk mass (ηc ≫ 1), only the anti-aligned fixed
point exists and all trajectories librate or circulate around this point. At ηc decreases, this fixed point moves further to the left and , two
new, aligned, fixed points appear: one with moderate b and the other with large eb. By the time ηc = 0, the aligned fixed point with
moderate eb commands most of the phase space, with the original anti-aligned fixed point pushed to the far left (high value of eb). In the
bottom-right panel (ηc = 0), the current state of Kepler-419 is marked by a red point, together with its 1− σ error bars.
In Figure 1, we show fixed points for the above Hamil-
tonian, calculated by setting d(̟b −̟c)/dt = 0, which
leads to the following algebraic condition from Hamil-
ton’s equations:
dH˜cop
deb
(1− e2b)1/2
eb
− β dH˜cop
dec
(1− e2c)1/2
ec
= 0 . (20)
This is subject to the constraint of Eq. (18). The fixed
points consist of two branches: |̟b − ̟c| = 180◦ and
|̟b − ̟c| = 0◦. We observe that for the fixed point
at |̟b − ̟c| = 180◦ (panel a), eb always grows at the
expense of decreasing ec. The opposite behavior occurs
for the fixed points at |̟b −̟c| = 0◦ (panel b), which
can manifest in in two branches: (i) a high eb-branch for
ηc ∼ 3.5− 8.5; (ii) a low eb-branch for ηc . 4.3.
In Figure 2, we further demonstrate the dynamics by
plotting contours of constant Hamiltonian (Eq. 13) in the
plane of the cartesian (pseudo) coordinate-momentum
pair6, eb[cos(̟b −̟c), sin(̟b −̟c)] for a few different
6 The canonical pair is actually {2mb√ab[1 − (1 −
e2b)
1/2]}1/2[cos(̟b−̟c), sin(̟b−̟c)], which for moderate values
of eb is proportional to eb[cos(̟b −̟c), sin(̟b −̟c)].
values of ηc ∝ Mdisk (Eq. [15]). The orbital angular
momentum is fixed to be that in Equation (18).
When ηc = 40, which is roughly equivalent to Mdisk ∼
20mc or ∼ 0.1Ms, only the anti-aligned fixed point is
present, and contours of constant Hamiltonian appear
as roughly concentric circles around the origin (actually
slightly shifted to anti-aligned apsidal orientations). All
initial configurations circulate around this fixed point.
As ηc decreases, this fixed point moves further to the
left, and for ηc . 8.5 (ηc . 4.5), a new fixed point with
large (moderate) eb and aligned apses appears on the
right (see two fixed points panel c with ηc = 4). When
ηc decreases to zero (disk vanishes), we see that most
of the space is now taken up by trajectories around the
aligned fixed point (the other aligned fixed point with
large eb disappears), with the anti-aligned fixed point
commanding a small set of curves that librate around
|̟b −̟c| = 180◦.
3.1. Aligned vs. anti-aligned fixed points
At ηc = 0, the two fixed points (one aligned, one anti-
aligned) are easily understood, at the low-eccentricity
limit, using the classical Laplace-Lagrange theory (cf
Murray & Dermott 1999). The Hamiltonian equation
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can be transcribed into one that describes the interac-
tion of two linear harmonic oscillators, with the general
solution being the linear combination of two eigen-modes,
one having aligned apses, the other anti-aligned. Typi-
cally, the eccentricity of the inner planet is lower than
the outer one in the aligned mode, and higher in the
anti-aligned mode. Much of these features are retained
when eccentricities are no longer small, as can be seen in
Figure 1.
What happens at ηc ≫ 1? Why is there only one
anti-aligned fixed point? This can be understood in the
following simple analysis. We work at the low eccentric-
ity limit. As the inner planet has a much smaller inertia,
we assume it to be a test particle (mb ≪ mc). So ec
remains a constant, while its apsidal angle, ̟c precesses
uniformly under the disk’s influence as ̟c = t/τdisk,c.
Under these simplifications (that retain the essential dy-
namics), the Hamiltonian in Eq. (2) can be reduced, for
the inner test particle, into a time-dependent form,
Htp = φ0
[
−e
2
b
2
+
5αec
4
eb cos
(
̟b − t
τdisk,c
)]
,
where α = ab/ac. To remove the time-dependence,
we carry out a canonical transformation from an initial
canonical pair {−̟b, Jb = mb
√
GMsab(1−
√
1− e2b)} to
a new variables {̟′b, J ′b} using the following generating
function (e.g., Minton & Malhotra 2011):
F(−̟b, J ′b, t) = (t/τdisk,c −̟b)J ′b, (21)
so ̟′b = ∂F/∂J ′b = t/τdisk,c−̟b, and Jb = −∂F/∂̟b =
J ′b. And the new Hamiltonian reads
H ′tp=Htp +
dF
dt
=φ0
[
−e
2
b
2
+
5αec
4
eb cos (̟
′
b)
]
+
mb
√
GMsab
τdisk,c
[
1− (1− e2b)1/2
]
, (22)
which can be expressed in a dimensionless form as
H˜ ′tp≃ (η − 1)
e2b
2
+
5αec
4
eb cos (̟
′
b) (23)
where the dimensionless parameter η scales the disk pre-
cession rate on planet c by the precession rate on b by
c,
η =
τsec,b
τdisk,c
= βηc . (24)
When the disk is absent, (ηc = η = 0), the fixed point
lies at ̟′b = 0 with eb secularly forced to eb,eq = 5/4αec.
This is the usual solution of a test particle secularly
forced by an external eccentric planet. However, when
ηc ≫ 1/β ∼ 6, planet c precesses so rapidly by the disk,
in the frame that rotates with its apse, the equilibrium
position for planet b is anti-aligned (̟′b = ±π) with
eb,eq ≈ 5
4
αec
η − 1 . (25)
This anti-aligned fixed point moves to higher eccentricity
as η = ηcβ approaches unity, at which time nonlinear
terms will need to be included to describe the evolution.
3.2. Adiabatically changing the disk mass
Next, we consider the evolution when the gas disk
slowly disperses. In particular, we assume that the
parameter ηc = ηc(t) is started at a large value and
decreases adiabatically, meaning that the gas disperses
on timescales much longer than the libration/circulation
timescale dictated by the secular planet-planet interac-
tions τsec,b (Eq. [4]), or,
∣∣∣∣d logMdiskdt
∣∣∣∣
−1
≫ τsec,b ∼ 103yr. (26)
This is a reasonable assumption as the dispersal
timescales of protoplanetary disks are typically of order
∼ 1 Myr (Alexander et al. 2014).
The theory of adiabatic invariants (see, e.g., Gold-
stein 1980) indicates that the dynamics of the system
largely follows that in Figure 2 in the secular time-scale,
but gradually shifts from one panel to the next panel
as the value of ηc(t) decreases, keeping the canonical
phase space volume constant. Consider a system ini-
tially started near the anti-aligned fixed point in panel
a of Figure 2. This is equivalent to stating that eb is
initially small. As ηc decreases, the system will be trans-
ported, along with the anti-aligned fixed point, to the
left (larger eb). By the time ηc = 0, the planet pair will
be librating around the anti-aligned fixed point at very
high eb, exactly what is observed for Kepler-419 today.
In conclusion, if the inner planet starts with small ec-
centricity (and outer one with a moderate value) adia-
batic removal of the disk potential will transfer eccen-
tricity (or more precisely, AMD) from the outer to the
inner planet, driving the relative apsidal angle to anti-
alignment. The end-state of this process naturally repro-
duces the orbital configuration of Kepler-419. In §5, we
conduct numerical integrations to confirm this picture.
4. CIRCULAR, MUTUALLY INCLINED: EVOLVING
TOWARDS CO-PLANARITY
As planets in the real system may be mutually inclined,
we consider here the evolution of inclinations. To keep it
simple, we address only circular orbits (eb = ec = 0).
We first need to establish a reference plane to mea-
sure the inclinations. One choice is the current invari-
able plane, the other is the sky-plane (observer’s frame).
However, the algebra is the easiest if we use the (puta-
tive) disk plane with normal nˆd as reference.
Similar to the Hamiltonian in Equation (13) for eccen-
tric orbits, we combine potentials in Equations (2) and
(8), to get the following dimensionless potential for in-
clined and circular orbits:
φ˜circ≃−ηcˆjc · nˆd − 12
(ˆ
jb · jˆc
)2
(27)
or in angles (relative to nˆd) as
H˜circ≃−ηc cos ic −
1
2
[
cos ib cos ic + sin ib sin ic cos (Ωb − Ωc)
]2
.(28)
The equations of motion associated to φ˜circ can be writ-
ten in a vectorial form as (see Eq. [36] or, e.g., Tremaine
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Fig. 3.— Evolution of the inclinations following the fixed points of
the Hamiltonian in Equation (28) as a function of the adiabatically
decreasing parameter ηc ∝ Mdisk(t) (Eq. [15]). The upper panel
shows the fixed point at Ωb−Ωc = 0 (Eq. [32]), where the evolution
leads to a decrease of the mutual inclination (red dashed line). The
lower panel shows the fixed point at |Ωb − Ωc| = 180◦ (Eq. [33]),
where the evolution leads to an increase of the mutual inclination.
The inclinations are given in units of the maximum inclination
attainable by planet b from Equation (35)
et al. 2009):
dˆjb
dτ
=β−1(ˆjb · jˆc)ˆjb × jˆc (29)
dˆjc
dτ
= ηc jˆc × nˆd + (ˆjc · jˆb)ˆjc × jˆb, (30)
where the dimensionless time is τ = t/τsec,c with τsec,c
given by Equation (4).
The equilibria of this Hamiltonian can be found in a
similar way as the equilibria from the Cassini states in
the general case where the planet’s spin and satellite’s
orbit have comparable angular momenta (e.g., Boue´ &
Laskar 2006; Correia 2015; Anderson & Lai 2018). In
equilibrium, the three vectors jˆb, jˆc, and nˆd remain in
the same plane, so
d
dt
[
nˆd ·
(ˆ
jb × jˆc
)]
= 0, (31)
which implies that either Ωb−Ωc = 0 or |Ωb−Ωc| = 180◦
in an inertial reference with zˆ = nˆd. By replacing
the equations of motion in the latter coplanarity con-
dition, we find that the following equilibrium condition
for nodally aligned planets (Ωb − Ωc = 0) becomes
sin [2(ib − ic)]
[
sin ic
β
+ sin ib
]
= 2ηc sin ic sin ib (32)
and for nodally anti-aligned planets (|Ωb − Ωc| = 180◦)
sin[2(ib + ic)]
[
sin ic
β
− sin ib
]
= 2ηc sin ic sin ib. (33)
Furthermore, we note that equations of motion imply
that the z−direction of the angular momentum is con-
served7, which we express in a dimensionless form as
Jz = β cos ib + cos ic = cst. (34)
Thus, assuming that the planetary orbits are prograde
(relative to the disk), the maximum inclination attain-
able by planet b is
ib,max = cos
−1
(Jz − 1
β
)
. (35)
We use this inclination as reference for Kepler-419 in this
section since the values of ib and ic are unconstrained as
we do not know the initial plane of the disk.
In Figure 3 we show the evolution of the inclinations
(ib, ic, and mutual im) following the fixed points as a
function ηc. The upper panel shows the fixed point at
Ωb−Ωc = 0 (Eq. [32]), which at large ηc it corresponds to
ib ∼ ib,max ≫ ic. As ηc decreases, this fixed point leads
to a decrease of the mutual inclination. On the contrary,
the lower panel shows the fixed point at |Ωb−Ωc| = 180◦
(Eq. [33]), which corresponds to the opposite regime
where ib ≪ ic at large ηc. Here, the disk dispersal leads
to an increase of the mutual inclination im.
The Kepler-419 system is nearly nodally aligned (Ωc−
Ωb = −5.5◦ ± 7.6◦; Table 1) on the sky-plane reference
frame. We note that this observation is a geometrical
artifact of having two nearly coplanar planets where one
of them transits (planet b has ib ≃ 87◦): both orbit
normals lie on the same side when projected on the sky
plane8. Thus, this observation does not provide with
extra dynamical information beyond the fact that the
system is nearly coplanar.
In conclusion, disk dispersal can lead to either mutual
inclination growth or decay in the planet pair. If the in-
ner planet started much more inclined than the outer one
(ib ≫ ic, i.e., close to the nodally aligned fixed point), the
adiabatic transport will reduce the mutual inclination as
the disk drains away; while if the most of the inclination
is on the outer planet (ib ≫ ic, i.e., close to the nodally
anti-aligned mode), the mutual inclination will instead
be inflated by the decaying disk. The current planets
of Kepler-419 are nearly coplanar, but depending on the
initial mutual inclination, they could have started from
one or the other initial state.
5. FULL EVOLUTION: COUPLING ECCENTRICITIES AND
INCLINATIONS
Having studied the evolution in two simplified cases,
here, we perform the full analysis of eccentric and in-
clined orbits forced by a slowly varying disk potential,
using numerical integration. It becomes clear that most
7 We have not included the back-reaction on the disk, so the
total angular momentum is not necessarily conserved.
8 The mutual inclination is given by cos im = cos ib cos ic+
sin ib sin ic cos(∆Ω). If cos im ≃ 1 and cos ib ≃ 0, then
sin ic cos(∆Ω) ≃ 1, forcing ∆Ω to be close to 0 (aligned
nodes).
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Fig. 4.— An example system with initial parameters set to be: eb = 0.05, ec = 0.4, ib = 30
◦, ic = 1◦, ωb−ωc = 150◦ , and Ωb−Ωc = 60◦
(implying ̟b −̟c = 210◦). The large initial value of ib is chosen to demonstrate the effect of damping of the mutual inclinations (nodal
alignment solution; upper panel of Fig. 3). This example can reproduce the eccentricities, mutual inclinations and ̟b −̟c of Kepler-419
(values from Table 1 are displayed in each panel).
of the dynamical features from our previous analysis still
hold in this general case.
The equations of motion for eb and jb can be written
as (e.g., Milankovich 1939; Tremaine et al. 2009):
djb
dt
=− 1√
GMsab
(
jb ×∇jbΦ + eb ×∇ebΦ
)
(36)
deb
dt
=− 1√
GMsab
(
jb ×∇ebΦ+ eb ×∇jbΦ
)
, (37)
where Φ = φplanet + φdisk (Eqs. [2] and [8]), with corre-
sponding equations for ec and jc (swap sub-indices b for
c).
We assume the gas disk has an inner cavity with the
inner edge at Rin = 1.5ac ∼ 2.5 AU, and has a radial
extent of Rout/Rin = 10, with a power-law index γ = 3/2
for the density profile (Eq. [6]). We adopt an initial
disk mass of 0.1Ms and let this decay with time as ∝
1/(1 + t/τv) (see, e.g., Batygin & Adams 2013),
ηc(t) ≃ 2.1Mdisk
mc
=
40
1 + t/τv
. (38)
Here, we adopt a decay time of τv = 10
5 yr. While
longer values of τv are possibly more realistic, our choice
already allows the adiabatic approximation to be valid
and should not alter the dynamics (while it speeds up
the numerical integration).
We first show two cases that have specifically cho-
sen initial parameters and that successfully evolve into
Kepler-419 today, before discussing all possible initial
states for Kepler-419.
Both cases start with most of the AMD initially de-
posited in the outer planet, and the inner planet is nearly
circular. As is discussed in §3, as long as the initial ηc is
sufficiently large, we expect eccentricity to be gradually
transferred to the inner one as the disk drains away, re-
gardless of the initial apse orientations. The inclinations
require a bit more care. The first case (Fig. 4) is ini-
tialized such that, the inner orbit is much more inclined
than the outer one (ib = 30
◦ and ic = 1
◦). The reverse is
true for the case in Figure 5 where ib = 0.1
◦ and ic = 2
◦.
According to the analysis in §4, mutual inclination de-
cays in the first case, and grows in the second case. We
have chosen the initial mutual inclination accordingly, in
order to reproduce today’s value (nearly coplanar).
In conclusion, results from 3-D numerical integration
exhibit much of the same features as we have discussed
in the simple case, in particular, features like eccentricity
transfer to the inner planet and final apse anti-alignment
seem unaffected by the inclusion of moderate inclina-
tions.
5.1. Generality of Initial conditions to match
Kepler-419
Here, we study the likelihood that a two-planet system
would have evolved to the configuration we see today in
Kepler-419. Instead of running a full population synthe-
sis, we rely on the principle of adiabatic invariance and
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Fig. 5.— Similar to Fig. 4 but in a regime where the mutual inclinations increase. The initial parameters are: eb = 0.05, ec = 0.4,
ib = 0.1
◦, ic = 2◦, ωb − ωc = 60◦ , and Ωb − Ωc = 60◦ (implying ̟b −̟c = 120◦). The large initial value of ic/ib leads to the increase
of the mutual inclinations (nodal anti-alignment solution; upper panel of Fig. 3). This example can reproduce the eccentricities, mutual
inclinations and ̟b −̟c of Kepler-419 (values from Table 1 are displayed in each panel)
integrate backward in time, to put constraints on what
the initial values of eb (and, therefore, ec), and ̟b −̟c
can reproduce the system.
We first investigate the case of a coplanar pair that
also lie in the disk plane. To obtain possible initial con-
ditions, we place the pair on a current trajectory (ηc = 0)
that encompasses the 1−σ error bar of Kepler-419. This
is shown as the black ellipse (thick line) to the left of
Figure 6. This is the trajectory with the largest libra-
tion amplitude (within error). We then integrate this
trajectory backward in time, increasing ηc gradually. Its
equivalent trajectories at different values of ηc are shown
as ellipses in other colors. By the time ηc ∼ 40, the
last ellipse becomes a trajectory that circulates around
the fixed point close to the origin. As adiabatic trans-
port conserve the volume of phase space, any trajectory
initially falling within the last ellipse, going forward in
time, will automatically fall within the first ellipse, and is
therefore compatible with the observed state of Kepler-
419. In other words, for the coplanar case, as long as
ηc was sufficiently high in the past (≥ 20 − 40), the ap-
propriate initial conditions are those with eb . 0.1 and
arbitrary apse angle (|̟b −̟c| unconstrained). This is
generic.
The possible set of initial conditions for the general
non-coplanar case is more complex. We assume a cur-
rent mutual inclination of 7◦ (close to 1−σ upper limit),
by setting ib = 12
◦, ic = 5
◦, and Ωb − Ωc = 0. This is
measured in the original disk plane. We plot the results
of the backward integration as thin dotted lines in Fig.
6, up to ηc = 20. They look largely similar to the copla-
nar case at most values of ηc, with a roughly constant
phase space volume in the plotted plane, and encom-
pass circulating trajectories by the time ηc = 20. We
note that although this set of initial conditions is arbi-
trary, our choice enhances the effect from departure from
coplanarity because the mutual inclinations increase as
we integrate backwards in time (nodally aligned evolu-
tion mode, similar evolution to that in figure 4).
At large ηc, area in this projection of phase-space ap-
pears to increase, at the expense of a decrease in the
volume of the other dimensions (phase-space volume
∝ dΩbdΩci2bi2c). Similarly, as trajectories travel in a
higher dimensional phase space, it is no longer true that
all points falling within the initial trajectory (in the plot-
ted plane) will remain so for all times. So not all initial
conditions that fall within the thin dotted curve at large
ηc is guaranteed to lie close to the observed system to-
day. But one can roughly conclude that for ηc & 20, the
range of apsidal orientations that match the observation
is large if eb . 0.2.
In conclusion, as long as the initial eb . 0.1 and the
initial ηc & 20 − 40, we will likely obtain a system like
Kepler-419 today.9 The latter condition translates to an
9 There is an implicit condition that the initial AMD is the same
as today. This requires ec ≥ 0.4.
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Fig. 6.— Possible initial conditions for the Kepler-419 system. The left-most thick black ellipse encompasses all possible trajectories
that fall within 1 − σ measured values of the Kepler-419 pair, assuming they are coplanar. As the value of ηc (disk precession) rises
successively, this ellipse transforms to thick ellipses to the right, together with all its internal trajectories. This therefore yields the possible
initial condition at early times. The thin dotted lines illustrate the more complex situation when the planets are not coplanar (see text for
explanations).
initial disk mass Mdisk & 10mc ≃ 0.05Ms.
6. DISCUSSIONS
We have demonstrated that the secular orbital dynam-
ics of a two-planet system, subject to the gravitational
perturbations from an axisymmetric protoplanetary disk
that gradually disperses, will naturally land the planets
into the current observed state of Kepler-419, where the
two planets have anti-aligned apses and the inner one
obtains a very high eccentricity. For ease of discussion,
we term this process ‘secular transport’.
In what follows, we discuss our model assumptions and
implications of secular transport for other exoplanet sys-
tems, as well as its relation to previous work.
6.1. Previous work
The secular dynamics of a coplanar two-planet sys-
tem influenced by a decaying disk have been previously
studied by Nagasawa et a. (2003). Consistent with our
results, the authors note that AMD can be efficiently
transferred between orbits and could lead to an imprint
on the relative apsidal orientations.10
The authors focused on the υ Andromedae system try-
ing to explain its apsidal alignment (ωc − ωd ∼ 0 mea-
sured from RV, not ̟c − ̟d ). There are a few short-
comings with this system: (i) astrometric constraints
place the planets in mutually inclined orbits (≃ 30◦)
(McArthur et al. 2010); (ii) the astrometric constraints
on Ωc − Ωd place the systems far from the aligned fixed
point, closer to the anti-aligned one (Deitrick et al. 2015);
(iii) the planet-planet scattering model has no major dif-
ficulty on reproducing the secular state of the system
(Barnes 2011). Thus, υ Andromedae, as well as other
systems explored by Nagasawa et a. (2003), do not pro-
vide unambiguous evidence of being sculpted during the
disk dispersal phase.
10 Nagasawa et a. (2003) called this ’sweeping’ of ‘secular reso-
nance’. We differ subtly in our interpretation.
Unlike υ Andromedae, the orbital parameters of
Kepler-419 robustly place the orbits close to a secular
fixed point (Almenara et al. 2018), which is hard to be
populated by planet-planet scattering (Barnes & Green-
berg 2006, 2007). The coplanarity also argues against
scattering (Chatterjee et al. 2008).
6.2. Model Assumptions
Our model requires the two following key ingredients:
first, there is a disk that causes rapid precession on the
outer planet11; second, there is an initial amount of
AMD. The latter is conserved in our model (which in-
cludes only secular interactions) and is determined by
the current observed value.
Our model only considers the precessional effect of the
disk on the planets. To be able to ignore other effects
(e.g., eccentricity damping, inclination damping), it is
preferable if this disk lies outside planet c. We there-
fore posit a disk that has a large inner cavity, with an
inner edge that lies at Rin ∼ 1.5ac ∼ 2.5 AU. This may
be compatible with the population of the so-called ‘tran-
sitional disks’ (Espaillat et al. 2014). The clearing of
the inner region, in this case, may be performed by the
two giant planets12 (e.g., Goldreich & Tremaine 1980;
Crida et al. 2006; Kanagawa et al. 2018; Zhu et al. 2011).
Photoevaporation also provides another plausible way of
clearing out the inner region (Clarke et al. 2001; Owen
et al. 2010, 2011; Alexander et al. 2014). Stellar winds
(Russo & Thompson 2015a,b) may also remove angular
momentum of the inner disk and carve a large hole.
11 We modeled a disk with a cavity causing faster (prograde)
precession of the outer planet. The dynamics is essentially un-
changed if the inner planet precesses faster than the outer one, but
in a retrograde sense. The model requires a disk that drives an
effective retrograde precession, ˙̟ b − ˙̟ c < 0.
12 In particular, we note that the outer planet is assumed to
have an apoapse that lies around ac(1 + ec) ∼ 2.4 AU. This will
cause additional clearing over models assuming circular planets.
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For such an external disk, our model shows that a rela-
tively large disk mass is required, if the initial apse angles
are randomly distributed (Fig. 6). The condition that
ηc ≥ 20 − 40 is translated into Mdisk & 0.05 − 0.1Ms.
While these values are on the higher end of the ob-
served protoplanetary disks mass distribution, such mas-
sive disks do seem to exist according to infrared and sub-
mm surveys with Herschel and ALMA (McClure et al.
2016; Pascucci et al. 2016; Long et al. 2017).
We now turn to consider origin for the initial AMD re-
quired to explain Kepler-419. This should be in the form
of a moderate ec. According to current understanding,
this can arise from planet-disk interactions, and/or from
planet-planet scatterings. Regardless of the AMD origin,
we note that giant planets detected in the radial velocity
surveys commonly exhibit large eccentricities, suggesting
that much AMD is universally present in these systems.
Disk-planet interactions— Eccentricity in planet c can
be excited by gravitational torques from the outer disk
(e.g., Goldreich & Tremaine 1980; Goldreich & Sari 2003;
Ogilvie & Lubow 2003). For planets massive enough to
open a wide gap, as likely is the case for planet c, the
co-rotation torques, which generally damp the eccentric-
ities (Goldreich & Sari 2003; Ogilvie & Lubow 2003),
can be sharply reduced and contribution from the outer
Lindblad resonance (1 : 3) may dominate. The latter is
known to excite planet eccentricity (e.g., Lubow 1991;
Papaloizou et al. 2001; Bitsch et al. 2013; Dunhill et al.
2013). We note that there are still substantial theoretical
uncertainties in this scenario and it is a topic of ongoing
research (e.g., Duffell & Chiang 2015; Rosotti et al. 2017;
Ragusa et al. 2018).
Related to the AMD injection by the disk, Chiang &
Murray (2002) showed that this process could by itself
lead to the apsidal locking of two secularly-interacting
planets (e.g., υ Andromedae). Consistent with their re-
sults, we experimented by driving ec to its current value
of and ignoring the disk-driven precession, and found ap-
sidal locking around alignment. This is contrary to the
current state of Kepler-419. However, we found that we
driving ec from 0 to 0.17 and include disk-driven preces-
sion (i.e., the adiabatic transport studied here), we find
that the 3-D orbital architecture Kepler-419 can be fully
explained. This process does not require the disk to ex-
cite ec up to 0.4, but up to 0.17, and deserves further
study.
Planet-planet scattering— Another possibility is that the
AMD results from planet-planet gravitational scattering
in the disk phase (e.g., Marzari et al. 2010; Moeckel &
Armitage 2012; Lega et al. 2013). For instance, hydro-
dynamic simulations by Lega et al. (2013) that include
N-body interactions between multiple giant planets show
that planetary orbits can frequently become destabilized
by the action of the gas disk, with subsequent planet-
planet scatterings leading to excitation of both eccentric-
ities and inclinations (e.g., Chatterjee et al. 2008; Juric´
& Tremaine 2008; Lega et al. 2013). If large inclinations
are excited, we showed that the adiabatic transport can
damp the mutual inclinations to match current state of
Kepler-419 (Figure 4 starting from ≃ 30◦).
6.3. Implications for other exoplanet systems
One of the key features of the secular transport process
is the production of large eccentricities and (possibly)
inclinations in systems with only two planets. This can
have important implications for different populations of
exoplanets as we describe next.
Eccentric warm Jupiters with outer companions.— Radial
velocity surveys have disclosed a population of warm
Jupiters (with periods between 10 to 100 days) that have
outer cold Jupiter companions. Kepler-419 may well be-
long to this class. Interestingly, these warm Jupiters
are significantly more eccentric than other warm Jupiters
lacking such companions (Dawson & Chiang 2014; Dong
et al. 2014; Petrovich & Tremaine 2016; Bryan et al.
2016). Their eccentricities are not easily explained by
planet-planet interactions as scattering becomes ineffi-
cient at exciting eccentricities at these close-in distances
(Petrovich et al. 2014) and the outer companions are
too far away for scattering, leaving secular interactions
as a more likely candidate. While secular interactions
within a highly mutually inclined pair can explain these
eccentricities by the Lidov-Kozai mechanism (Anderson
& Lai 2018), another intriguing possibility is that these
warm Jupiters acquired their eccentricities by adiabatic
transport during the disk-clearing stage, much like the
scenario we discuss here for Kepler-419.
A related puzzle, as is pointed out by Dawson & Chi-
ang (2014), is that these eccentric warm Jupiters with
companions, unlike Kepler-419, tend to have perpen-
dicular apses13 (|̟b − ̟c| ∼ 90◦). At face value this
trend would argue against our model which favors anti-
alignment. However, as Dawson & Chiang (2014) argued,
these planets may be librating around |̟b −̟c| ∼ 180◦
with large amplitudes. Such a pattern may occur when
the mutual inclinations are high and we plan to explore
the detailed dynamics in a subsequent work.
Eccentric cold Jupiters— Many of the cold Jupiters (out-
side 100 days) orbit with high eccentricities. Although
planet-planet scattering and planet-disk interactions may
possibly give rise to eccentric orbits, it is possible that
some of the very eccentric cold Jupiters are produced in
the disk clearing stage. In this paper, we show that ex-
treme eccentricities may be produced in the presence of
an outer companion (that is moderately eccentric) and a
decaying disk.
The following application considers the extreme case
when planet eccentricities are excited to such high values
that they start tidal interaction with the central stars.
Hot Jupiters— Roughly half of the hot Jupiters are
suggested to have distant planetary-mass companions
(Knutson et al. 2014; Bryan et al. 2016). If these planets
reached their current orbits by high-eccentricity migra-
tion (see Dawson & Johnson 2018 for a recent review),
adiabatic transport during disk dispersal may provide a
novel venue to excite their eccentricities (and possibly
inclinations) to very high values.
We note that the excitation of extreme eccentricities
and inclinations in the context of a two-planet system
13 For these planets, unlike Kepler-419, there are no constraints
on the viewing angle or mutual inclinations, and ∆ω on the plane
of the sky determined from radial velocity measurements is used
as a proxy for ∆̟ measured in the invariable plane.
12 Petrovich, Wu & Ali-Dib
perturbed by an external disk has been studied by Chen
et al. (2013). The authors focused on the quadrupole-
level Lidov-Kozai mechanism for a highly inclined two-
planet system and perturbations from a non-dispersing
gas disk. Our work emphasizes the relevance of two extra
ingredients missing in their study: (i) octupolar planet-
planet interactions; (ii) gradual removal of the gas disk.
These ingredients would allow for eccentricity growth and
migration even if the planets have small mutual inclina-
tions. In Kepler-419, the inner planet reaches an ec-
centricity of 0.82–this value can be further increased for
favourable system parameters. For example, if the mass
of Kepler-419b is decreased from the current value of
≃ 2.8MJ to 1MJ , then the fixed point in the coplanar
model moves from e ≃ 0.82 to e ≃ 0.92 (Eq. [20]), so its
pericenter distance decreases from ≃ 0.07 AU to ≃ 0.03
AU, possibly allowing for migration to a hot Jupiter or-
bit.
Effects beyond the simple coplanar model, like ex-
citation of large inclinations, large libration ampli-
tudes around the fixed point, possible separatrix-
crossing events when short-range forces are included (Mi-
gaszewski & Goz´dziewski 2009), and other effects might
play a significant role at determining the maximum ec-
centricities that can be reached during disk dispersal as
well the range of inclinations. We plan to explore these
effects in a subsequent work.
7. CONCLUSIONS
We have studied the secular gravitational coupling be-
tween two planets as their birth protoplanetary disk
gradually disperses, using the Kepler-419 system as an
example. We show that when the precession of the plan-
ets is largely dominated by the disk, the planets circle
around an anti-aligned secular state. As the disk de-
pletes, the system can be adiabatically transported to
a state where most of the eccentricity (or rather, the
angular momentum deficit) is on the inner orbit and the
relative apsidal orientations are largely anti-aligned. The
inclinations are subject to similar evolution.
We refer to this process as ‘adiabatic transport’ and
we show that it naturally explains the intriguing or-
bital architecture of the Kepler-419 system, which has
two nearly coplanar giant planets with large eccentrici-
ties (eb ≃ 0.82) and relative apsidal orientations librat-
ing around anti-alignment. Other proposals to achieve
these large eccentricities are unlikely to explain its or-
bital state. Our model requires that the disk had a mass
of at least several percent that of the host star at the
moment that the regions inside ∼ 2 AU were largely de-
pleted.
We argue that the mechanism studied here may be
important for forming hot Jupiters and explaining the
large eccentricities of some warm and cold Jupiters.
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APPENDIX
ORBIT-AVERAGED POTENTIAL FROM AN EXTERNAL DISK
We consider an axisymmetric disk with a truncated density profile
Σ(R) = Σ0
(
R
Rin
)−γ
for Rin < R < Rout, (A1)
and Σ(R) = 0 elsewhere. The disk has a mass
Mdisk =
∫ Rout
Rin
Σ0
(
Rin
R
)γ
2πRdR = 2πΣ0R
2
in
(
(Rout/Rin)
2−γ − 1
2− γ
)
. (A2)
We construct the potential from the disk taking annuli of mass dmdisk(R) = 2πΣ(R)RdR and integrate this over the
whole disk. This procedure is similar to the previous work by Ward (1981), which has been extended to eccentric disks
by Silsbee & Rafikov (2015) and Sefilian & Touma (2018), and shown to reproduce the precession rates of opening-gap
planets from hydrodynamical simulations by Fontana & Marzari (2016). The potential for a ring with zero eccentricity
and normal nˆd averaged over the orbit of a planet with mass mp and semi-major axis ap can be written to second
order in eccentricities and mutual inclinations as (e.g., Boue´ & Fabrycky 2014)
dφdisk = −Gmpdmdisk(R)ap
R2
· 14b
(1)
3/2(ap/R)
[
e2p + jp · nˆd
]
+ cst., (A3)
where the Laplace coefficient is defined as
b
(1)
3/2(α) =
1
π
∫ 2pi
0
cos(φ)dφ
(1− 2α cosφ+ α2)3/2 . (A4)
For α≪ 1, b(1)3/2(α) ≃ 3α, so the potential for ap ≪ Rin can be written as
φdisk
∣∣
ap≪Rin
=
∫ Rout
Rin
dφdisk
∣∣
ap≪Rin
→ −3GmpMdiska
2
p
4R3in
K
(
γ,
Rout
Rin
)[
e2p + jp · nˆd
]
+ cst., (A5)
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Fig. 7.— Factor in Equation (A8) to account for the contribution of the disk potential from regions close to the planet that are not
properly described for the limiting potential in Equation (A5) for distant disks (ap ≪ Rin). As expected the corrections are significant
only when a . Rin and it depends weakly on the density profile slope γ and the radial extent Rout/Rin.
where
K
(
γ,
Rout
Rin
)
=
2− γ
γ + 1
(
1− (Rout/Rin)−1−γ
(Rout/Rin)
2−γ − 1
)
. (A6)
A similar expression was found by Terquem & Ajmia (2010). Since the inner edge of the gap can be close to the outer
planet, we write the potential from integrating Equation (A5) as
φdisk = −
3GmpMdiska
2
p
4R3in
K
(
γ,
Rout
Rin
)
B
(
γ,
Rout
Rin
,
ap
Rin
)[
e2p + jp · nˆd
]
+ cst., (A7)
where we introduce
B
(
γ,
Rout
Rin
,
ap
Rin
)
≡ 1
3
(
Rin
ap
)(
γ + 1
1− (Rout/Rin)−1−γ
)∫ Rout/Rin
1
u−γb
(1)
3/2
(
ap
Rin
1
u
)
du, (A8)
as a correction factor for contribution of the rings close to a for which the limiting polynomial expression when
b
(1)
3/2(α) → 3α. The function B is shown Figure 7, where we observe that it mainly depends on ap/Rin, rapidly
increasing as it approaches unity, as expected. We note, however, that there is no real divergence of the potential as
the disk starts embedding the planets and we only use our results only for Rin/ap & 1.5.
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